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ABSTRACT

If a sampleistaken with unequal selection probabilities from a finite population and sample ranks are obtained, it isillustrated
how rank correlation coefficients may suitably be estimated, thereby providing appropriate tools for inference making.
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1. Introduction

Dubey and Gangopadhyay(1998) in the context of
an Indian exercise in **Counting the poor” dealt with
‘rank correlation coefficients'. Thisled Chaudhuri and
Shaw (2016) to attend to a possible efficacy in
employing rank correlation coefficients in inference
making when sampling may be from finite popul ations
permitting ‘ unequal probability selection’. Therelevant
varianceestimationisacrucia problem here. Chaudhuri
and Shaw (2016) have provided alimited solution. We
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present here afollow-up we consider worthy of attention
in the next two sections.

2. Estimating Spearman’s rank correlation
coefficient and Kendall’st in finite populationsfrom
sample survey data.

Given a finite population U = (1, ...., i,...., N) on
whichtworea variables(x, y), are defined having values
(%, ¥, i =1, .., N the product-moment correlation
coefficient Ry between x and y is then given
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If a sample s of units of U is selected with a
probability p(s) for which 1st and 2nd order inclusion
probabilities m = 3. p(s) and Tij = 35, P(s)
are positive, then for a population total L = Z;ll l; an
unbiased estimator
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is usually employed taking by's as constants free of

L =(p i, 1) SUbject to ;"’{"‘)h‘“' = 1Vi e U.

E-mail : manoj_iasri@yahoo.com

: YN SaE — (SN Sof ~ (S’

Thevariance of t may then be unbiasedly estimated

if m; > 0 vi # j. For the six totals
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involved in Ry, the same estimator of the form t above
may be employed to take a nonlinear function of six
unbiased estimator t; (j = 1, ..... , 6) to propose an
estimator, asr = f(ty, t,, ts, t, ti, tg) to estimate Ry, the
same function f(..., ..., ..., ..., ..., ...,) of the six
corresponding population totals.



If theindividualsi in U areranked according to their
(%, y) values with u;, v; astheir ranks respectively, then
taking d, = u; — v;, Spearman’s rank correlation
coefficient, Ry with x, = u; and y; = v; is given by the
formula
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But as noted by Chaudhuri and Shaw(2016) this
cannot be estimated as r provides an estimator for Ry.
But asasaving grace using theranks u;, v; fori = 1,

..., NKendall’s rank correlation 7 defined as
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onwriting a. = +1 ifu <u
and

=-1 ifv>v
For smplicity, let (8)=(6,, 8,, 6,),
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Let asample sbetakenwith nunits(2<n<N), each
distinct, with probability p(s) and (ug, ..., U7),
(V4 . V) betheranks of those individuals according
toxandy.

Then, using theseu’;, v fori=1,..,n,6, 6,and 6,
may be unbiasedly estimated using t in terms of them
for j = 1; 2; 3. Consequently 7 may be estimated by

T e flhtuh ).

3. Chaudhuri and Shaw’s (2016) estimation of
Kendall’st and itsfurther study.

Chaudhuri and Shaw (2016) considered only Horvitz
and Thompson's (1952) form of t as, say,
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corresponding special case of 1 and examined the

corresponding variance estimation problem. This
necessitated the use of 3rd and 4th order inclusion-
probabilities , = »  p(s) and mju = D p(s)

53,5,k 53i,7,k,1
fori,j, k linUwithi#j#k=1. Though they presented
extensivenumerical dataincluding resultsfor simulation
based confidence intervals for 7, average coverage
percentages, average estimated coefficientsof variation,
average lengths of confidence intervals etc., it was
evident that the results from the study cannot be used
efficiently especialy because employing a sampling
scheme admitting positive-valued inclusion probabilities
of the first four orders is cumbersome.

We are therefore interested to examine alternative
proceduresto estimate T = \/621—83 in case, for example,
a sample of n distinct units of U be chosen following
Rao, Hartley and Cochran’s (1962) (RHC) scheme and

employing (1) RHC estimator t_, . = b3 %lf for L and

n !

(2) dsot for L based on an RHC sample.

To cover (1), one may proceed in a straight-forward
way but to cover (2), we find it convenient to utilize
Chaudhuri, Bose and Dihidar’s (2009) results concerning
uses of Horvitz & Thompson's estimators from RHC-
samples. We present therelevant calculationsin shortin
the Appendix Section.For now, we may place on record
the following gist of our numerical exercise.

We consider N = 79, n = 23, draw z-values from a
distribution with density g(z) ==, z>2,i=1.., N,
draw (X, y)-valuesfrom the bivariate normal distribution
N,(©O, 0, 1, 1, 0.67). Then take an RHC sample of 23
units using z's as size-measures and then work out u’;,
Vfori=1,2 .., 23andasou,v fori=1,..,79to
observe specimen values of t using both the estimators
based on -

1) RHC estimator 2) HT estimator

to cover both the cases.
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Appendix
Estimation of Kendall’s tau in RHC Scheme employing:
1. An estimator t based on t

RHC
Aswe assumed RHC scheme, where

n N; Ny
55 3

i<i' j=1 k=1
n N; Ny

=20 > dy

i<-i’j—lk=
.',‘
s = ZZZ
i<i’ j=1 k=1

Let us use the following estimators to estimate 6,, 6,, & 6,, respectively
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Similarly,
E.(t)=06,E.(t) =6,
Now, by Taylor Series expansion, we know,

f(t) = f(9) + Z Aj(t; — ;) [ignoring the higher order terms]
j=1
_0f(@)
where, Aj = o, L:?
Hence,

Ep(f(1)) = Ep(f(9)) [ E(t;—0;)=0Vj=1,23]

f(0)
Hence, we find
t
6 = =
f(0) = f(t) N
Z Z I_,‘&‘L 333,\ j\r N — N!)
i ! . i’
i i) ES(%: %L,L) NilN;
_ i<i
a; 5 N(N — N;) 1 i, N(N — N;)
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as an estimator for T & it is approximately unbiased for .
Calculation of V, (7)
Using Taylor Series expansion & neglecting higher order terms, we get approximately,

3 5
(t) = f( +Z gf r—e(tj_gf’")
i= o
f(t f(t af(t
T LT TGN
Oty lt=0 /603
o1t _ by
Oty lt=0  2051/0,03
oft) _ b
Otz lt=0  2031/0,03
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Now, Vp{f(t)} = Ec {Ve(f(1)} + Ve {Ec(f(t))}
= Eq [Ve{f®)}] [ ValEc{f(t)}] = Va|constant] = 0]
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Estimation of V, (1) :
We separately estimate the three covariance terms & the three variance terms present in V,, (7). We use the

estimators , V5, V; to estimate E, [Var(t,)], E;[Var(t,)], E;[Var (t,)],

where, Z f(N, N;, Ny)
Wi = X = (t] —e1)
’ Zf(N:Nvi:Ari’)_ 1 1
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Now, we estimate the covariance terms.

We know,

Cov(X,Y)=E(XY)- E(X)E(Y)
= Cov(X,Y) = XY — E(X) B(Y)
In this case,
Eg [Cove(ty, ta)] = (tata — 0162) Y g(N, Ni, Niy)
i<
We use that technique to find an approximately unbiased estimator of E_[Cov (t,, t,)].

We find an approximately unbiased estimator of ETIE}—; by Taylor Series expansion.

We know,
t) . _
f(t] ] t?) 91 3 92) + Z 6?)
1 32f( )| : f(@t)
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O*f(t) 2
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— 3t 8t2\/Tata
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2. An estimator t” based on t,,

Here, in this case, for estimating Kendall’s 1, we choose a sample of size n by RHC scheme. Then the sample
units are ranked w.r.t X-dataas u’y, U',, ... W', & w.rtY-dataasv'y, vV, ... V,

N N
ZZ aijbi;
T N j N N = \/329‘5 :j(€)~ 0= (91,92193)_
ZZ“%- ZZ b
i <j i <j
Clearly, as we assume RHC scheme, we can write,
N; Ny
Z Z Za*J SO
i<i' j=1 k=1
n N; Ny
02 = Z Z Z afji’k
i<’ j—1 k=1
-y Z Zb“ .
i<i’ j=1 k=1

Let us use the following estimators to estimate 6,, 6,, & 6, respectively.
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N!
In this case, n digoint groups, each with munits, can be formed from the N unitsin (m ,)n - ways & agroup of

munits containing unit i can be formed from the N unitsin o (N—1, m—1) ways. Let ¥~ denote summation over

these oo (N — 1, m— 1) groups. Let P, be the normed size measure of the I" unit i in the i group consisting of m
distinct units (i, # i).

Again, the no. of mrtuples of distinct units of U with unit i included but unit j not included is equal to o (N — 2,
m— 1) while the no. of mtuples(j =j,, ..., j,,,) of distinct unitsof U, suchthat j =i, j,#i=#j=i,l=1,..,m-1

t=1,..,m-lisa(N-m-1,m-1). Let S} & SV respectively denote summations over these o (N -2,
m—1) & o (N—m-1, m—1) mtuples. Hence this result.

Case2: N/n #not an integer; [N/n] =
In this case K groups contain m units each & (n— K) groups have (m+ 1) units each. Then,

?Tij:A1+A2+A3+A4‘

G(]) [ N— Di N—m—1 Pi
where, A= 2 Sm 1~ —=m-1_ S m—1 #
pi + Z; 1 Pi pj+ Z.-.=1 Py
G(z} N-=2 i N—-m-—1 D
Ay = é, Sm—l# (Sm %)
| Pi+ 2151 i pj + 2200 P

G(z) [ AN—2 : N—m—2 i
P e (A 0 E—

pi+ 2o i i+ 2'2_11 Djq
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=[5 i (57 )
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, N
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2 (m)K K (m+ D)In=K=2 (n — K —2)!
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4 N(N - N;)  N;Ny
Qijife 13 K’ N; Ny 'N(N - N;)
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Similarly, E, () = 6,, E, (t',) = 6,
Now, by Taylor Series expansion, we know,
3

f(t) =~ f(0) + Z Aj(t; = 65) [1gnoring the higher order terms]
j=1
of (%)
N = T
where, j ot lt=
Hence, Ep(f(t)) = Ep(f(9)) [ E(t;—6;)=0Vj=1,23]
i Oijit \(N N)
Hence wefind Z Z t ,rJ . f’\,s
}J ?I\EI‘
F=f(0)= 1) =
N_N)N g-a'. N(N—N;
iy !!\E‘? a<: i

i<i!

as an estimator for T & it is approximately unbiased for t for large sample size n.
Calculation of V, (1) :

Inthis case, also, we proceed in asimilar way to find V, (7).
We use Taylor Series expansion to find V,, (7).
Clearly,
Ve{f(t')} = Ec[Vc{f(t)}]
: 1 —t -0
= Fq |Vo 4 —— Vo4 ——— Voo ———t
s [ C{ 0203 }+ 4 {292\/9293 }+ C{293\/9293 d}
61 1 ' _Hl .f)
+2<C o8 +C 1, t:
{ e (vff"z Y 26,1/0,05 ) ove (vﬁz"):i " 2051/0,0; °

-6 , =6 ;) H
+C £,
ove (292\f—9293 ' 203/0505 >
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Now

£o Vo { ot

G CyY 7714

0,05 '
) N N: 2
_ 1 2”: (N; = 1)(Ny — 1)N(N — N;) S @iyt biji, iyt Bt
0s03 <~ (N —1)(N — N; — 1)N; Ny 4 Mgty .4 T it
i<i’ J<j’ k<k' 1%k i k!

_91 !
FEo |\Vo{ ——t
G[ 0{292\/9293 2}]

;. Ny 2 ?
_ 0,2 i (Ni — 1)(Ny —1)N(N — N;) Z Z - a'fj'fi- B ity
492393 < (N —=1)(N — N; —1)N;Ny i i1 1_;-4 il ﬂ-?J”R
_'91 '
Eq |Vo § ———=t-
¢ [ 0{293\/9293 3}]
9 ; Ny 2 b.‘z 2
N; — 1) v —1)N(N — N;) by Vi,
3 Tizif Wi i, ==
49296 ; N N; — 1)N;N- _;;j};’ EA A Tiji i ?T,J,,h
1 -6,
Eg |C 1 t
¢ [ o (\/9‘29‘ ' 20,/0:05 ° )]
n N; N/ n
NNl; N(N - N;)
tht! 0,6
292293 ZZZ 102-ijif - N N — N) N;N; e
i<i’ j=1 k=1 4
1 —0
Eg|C f t
G[ OVC V0205 1 2031/0,05 )}
P N; N/ NN n N(N N)
—t P4Vt B i
= &t - 6:0;
st |2 D e e — 3 L ot
i<i’ j=1 k=1 i<y’
FEgq [COVC ( ’ — t:‘)}
205 9293 ' 2051/0203 °
n  N; N" n
Nf'Nf_f AT(N = NJ,)
1. - 60

RASHI 2 (1) : (2017) 16



Chaudhuri and Dutta

Estimation of V_ (1) :
Again, inasimilar manner, we find the estimates of three variance terms & three covariance terms, which leads
usto an approximately unbiased estimator of V, (1) :.

We use F F’ T’ Cf:‘,;‘, _CT,’ _C‘: to estimate Eg|[Vare(t))], Ec[Vare(t)], Eq[Varc(ty)], Ec[Cove(t), th)],
E¢[Cove(t), 1)) ] E¢[Cove(th, th)] respectively.

= 1 Y F(N,Ni,Ny) 1
W= I S Mg %)
F_E _ 1 % > f(N, N;, Ny) (2 — &)

n—1" > f(N,N; Ny)—

s S (NN No) e
’,; ot 12 _
Vs n—1" S (N, N;, Ny) — l(f,; €3)

B 3 [8e42\ /1505
Cly = : 1 g(N, N;, Ny
= | 4 Zicit gV NNy ;’
th/tht}
—_— 3t /a2, Syt =
Cls = et Vi Z 9(N, Ni, Ny)

Wi nah t}f"\".,‘\",‘.,‘\"-r] :
'I. + Arici - L) i<i'
( /0

o 3t 1oty Vi i Z 3 g(N, Ni, Nv)
‘oq = g — gLy, IV, N ).
B Bthth\toth — ) i (N, Ny, Nu) \ 852 82 ] - .9 :

Population RHC S.eRHC est) length of HT Se length of
Tau estimator Cl (RHC) estimator (HT est) Cl (HT)
0.5507952 0.4632655 0.12048 0.4722816 0.5006925 0.13125 0.5145
0.5806556 0.4255564 0.110525 0.433258 0.468665 0.122854 0.48158768
0.4203181 0.2775423 0.071242 0.27926864 0.2145921 0.056247 0.22048824
0.4644596 0.4195417 0.108935 0.4270252 0.4289857 0.112444 0.44078048
0.3742291 0.4598341 0.119575 0.468734 0.4970397 0.130341 0.51093672
0.4625122 0.3156524 0.081403 0.31909976 0.3261124 0.085485 0.3351012
0.4579682 0.5243403 0.13658 0.5353936 0.4642051 0.121684 0.47700128
0.5475495 0.4229314 0.109833 0.43054536 0.4456906 0.116831 0.45797752
0.4066861 0.454988 0.118295 0.4637164 0.4851398 0.127172 0.49851424
0.396949 0.5469992 0.142546 0.55878032 0.5373155 0.14085 0.552132
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